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ULRICH LINE BUNDLES ON DOUBLE PLANES
A. J. PARAMESWARAN AND POORNAPUSHKALA NARAYANAN
Abstract. Consider a smooth complex surface X which is a double cover of the pro-
jective plane P2 branched along a smooth curve of degree 2s. In this article, we study
the geometric conditions which are equivalent to the existence of Ulrich line bundles on
X with respect to this double covering. Also, for every s ≥ 1, we describe the classes of
such surfaces which admit Ulrich line bundles and give examples.
1. Introduction
Suppose that X
i
−֒→ PN is a smooth projective variety over the field of complex num-
bers. A vector bundle E on X is said to be Ulrich if for any finite linear projection
π : X → PdimX obtained from i, the direct image π∗E is the trivial vector bundle on the
projective space, cf. § 2.1 for equivalent definitions.
The study of Ulrich bundles has been an active area of research, especially since the
paper of Eisenbud and Schreyer [10]. One of the primary questions in this area is that of
the existence of Ulrich bundles on smooth projective varieties. In particular, one would
also like to know the minimal rank of such a bundle whenever it exists. The existence
of Ulrich bundles has been established in several cases e.g. when X is a curve [10], a
smooth complete intersection variety [11], an abelian surface [6], a general K3 surface [1],
a grassmannian variety [8], a Fano threefold of index two [5], a ruled surface [2] etc.
In this article, we investigate the existence of Ulrich bundles on double planes. A
double plane, in our context is a smooth projective surface X which is a double cover
of the projective plane P2. Such a surface has to necessarily be branched over an even
degree curve in P2. Refer § 2.2 for some well-known details about double planes.
First, we identify the necessary and sufficient conditions for a smooth double plane
π : X → P2 to carry an Ulrich line bundle with respect to π (i.e. a line bundle L on X
such that π∗L = OP2 ⊕OP2) in the following
Theorem 1.1. Suppose that π : X → P2 is a smooth double plane branched over a smooth
curve B of degree 2s. Let σ denote the involution of X obtained by interchanging the two
sheets of the double cover. Then, the following are equivalent.
(1) The surface X admits an Ulrich line bundle with respect to π.
(2) There is a smooth curve D ⊂ X such that D 6= σ(D) and D · σ(D) = s2.
(3) There is a smooth curve C of degree s in P2 which is a tangent to B of even order
at every point of C ∩B.
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We prove that conditions (1) and (2) are equivalent and they imply condition (3) in
§ 3. We then show that (3) implies (2) in § 4. This proof involves topology and certain
deformation theory arguments.
In § 5, we describe classes of smooth double planes branched over curves of degree 2s
for every s ≥ 1 which admit Ulrich line bundles, and give examples. When X is branched
over a conic B, then Ulrich line bundles arise from lines in P2 which are simple tangents
to B at any point of B, as shown in
Corollary 1.2. Let X be a smooth surface which is a double cover of P2 branched along
a smooth conic curve B. Then X admits a pair of Ulrich line bundles.
In fact, any double plane X branched over a smooth conic is isomorphic to P1 × P1,
and the two Ulrich line bundles correspond to the two rulings of P1 × P1, cf. § 5.1. Next,
we consider double planes X branched over a smooth quartic in § 5.2 where we prove the
following
Corollary 1.3. Let X be a smooth surface which is a double cover of P2 branched along
a smooth quartic curve B. Then X admits 63 pairs of Ulrich line bundles.
Hadan [13] proves that - to any smooth plane quartic curve, there are 63 disjoint one
parameter families of smooth plane conics (simple) tangentially meeting the quartic at 4
points. Using this, we obtain that a general conic in each such family gives rise to a pair
of Ulrich line bundles. When X is branched over a smooth degree 2s curve for s ≥ 3, we
prove the theorem stated below.
Theorem 1.4. Let X be a smooth surface which is a double cover of P2 branched along a
generic smooth curve B ⊂ P2 of degree 2s for s ≥ 3. Then X does not admit Ulrich line
bundles.
We show that a necessary condition for any double plane X to carry an Ulrich line
bundle is that the Picard number ρ(X) > 1, cf. Lemma 3.2. By a version of the Noether-
Lefschetz theorem, it is known that the Picard group of a double plane branched over a
generic smooth degree 2s curve for s ≥ 3 is Z ([7], [12, Chapter 2]), which proves the
theorem, cf. § 5.3.
However, for each s ≥ 3, there are special classes of double planes which do admit
Ulrich line bundles. In particular we prove the following in § 5.3.
Theorem 1.5. Let C ⊂ P2 be a smooth degree s curve. Consider an effective divisor d
of degree s2 on C corresponding to a section of H0(C,OC(s)⊗ L0), where L0 ∈ PicC is
of order two.
(a) Then, there exist smooth curves B of degree 2s such that B · C = 2d.
(b) Further, let X be a double cover of P2 branched along a smooth curve B as in part
(a) of this theorem. Then, X admits Ulrich line bundles.
Next, we concretely exhibit double planes branched over degree 2s curves with s even,
which admit Ulrich line bundles.
Theorem 1.6. Let B ⊂ P2 be a Fermat curve of degree 2s where s is an even integer.
Then the double plane X branched along B admits Ulrich line bundles.
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We show this by identifying explicitly a degree s curve C tangential to B of even order
at all points of C ∩ B. We finally end with some remarks about the existence of Ulrich
line bundles in higher dimensions. In this direction, we prove the following theorem in
§ 6.
Theorem 1.7. Consider a smooth d-fold cyclic cover π : X → Pn branched over a smooth
hypersurface B ⊂ Pn where n ≥ 3. If d ≤ n, then X does not admit Ulrich line bundles
with respect to π.
The above theorem shows that, in general, we cannot expect Ulrich line bundles on
d-fold cyclic coverings of Pn when d ≤ n. Double planes, i.e. the case d = n = 2, are the
only exceptions and are indeed special in this respect.
2. Preliminaries
We now briefly recall some preliminaries about Ulrich bundles. Refer [5] for a compre-
hensive introduction to Ulrich bundles.
2.1. Ulrich bundles. The definition of Ulrich bundles which we will use in this article
is as follows.
Definition 2.1. Consider a smooth projective variety X admitting a finite morphism
π : X → PdimX . A vector bundle E on X is said to be Ulrich with respect to the morphism
π if the direct image π∗E is the trivial vector bundle.
The above definition is a special version of the general definition of Ulrich bundles,
which we recall now.
Definition 2.2. Let X be a smooth projective variety over C, and E be a vector bundle
on X. Consider a very ample line bundle OX(1) on X inducing the embedding X →֒ P
N .
Then E is Ulrich on (X,OX(1)) if it satisfies one of the following equivalent conditions.
(1) The direct image vector bundle π∗E is trivial for any finite linear projection π:
X 

//
π
""❋
❋
❋
❋
❋
❋
❋
❋
PN

PdimX
(2) H i(X,E(−p)) = 0 for 1 ≤ p ≤ dimX and for all i.
Note that, one can also define Ulrich bundles with respect to ample and globally gen-
erated polarizations as in the paper [3]. In [3, Proposition 3], the authors record that the
existence of Ulrich bundles with respect to an ample and globally generated line bundle
OX(1) guarantees the existence of Ulrich bundles with respect to OX(d) for d > 0. Our
Definition 2.1 is in fact with respect to the ample and globally generated line bundle
OX(1) = π
∗OPdimX (1).
It is also interesting to note that Ulrich bundles have several favourable properties. For
example, they are globally generated, semistable and, if not stable, they are extensions of
Ulrich bundles of smaller rank.
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2.2. Double planes. We now recall some basic facts about double planes.
Consider a smooth curve B ⊂ P2 of even degree 2s which is defined by a polynomial
(section) F ∈ H0(P2,OP2(2s)). We can construct a double cover X of P
2 branched along
B as follows. Let A denote the total space of the line bundle A = OP2(s), p : A→ P
2 the
projection and t ∈ H0(A, p∗A) be the tautological section. Define X to be the subvariety
of A defined by the section t2− p∗F ∈ H0(A, p∗A⊗2) = H0(A, p∗OP2(2s)). The morphism
p|X =: π : X → P
2 is of degree two and branched over the curve B. We make note of the
following observations.
(1) The double plane X is smooth if and only if B is smooth, cf.[12, Section on Double
covers, Chapter II] and [17, Proposition 4.1.6].
(2) The inverse image R ⊂ X of the branch curve B is isomorphic to B, and π∗A =
π∗OP2(s) = OX(R).
(3) The direct image π∗OX is a rank two vector bundle on P
2 since π is a finite flat
morphism. The trace map Tr : π∗OX → OP2 gives a splitting of the natural
morphism OP2 → π∗OX . In particular it can be shown that π∗OX = OP2 ⊕
OP2(−s), cf. [17, Remark 4.1.7].
(4) The canonical bundles of X and P2 are related by the following relation ( cf. [9,
§ 1.41] ) :
KX = π
∗KP2 ⊗OX(R) = π
∗OP2(−3 + s) .
2.3. Notation and Conventions.
(1) By an Ulrich line bundle on the double plane π : X → P2, we mean an Ulrich line
bundle with respect to π, i.e. a line bundle L on X such that π∗L = OP2 ⊕OP2 .
(2) If d is an effective divisor on a curve C, then Supp d denotes the support of d.
(3) If L is a line bundle on a surface X , then |L|sm is the set of smooth curves in the
linear system |L|.
(4) Tangent curves - Let B and C be two plane curves and P be a smooth point of
B and C. Let (B · C)P denote the intersection multiplicity of B and C at P .
- If (B · C)P = 1, then B and C intersect transversally at the point P .
- If (B · C)P = 2, then B is called a simple tangent to C at P or a tangent of
order 2 to C at P .
- If (B · C)P = r > 2, then B is said to be tangential of order r to C at P .
3. Conditions for the existence of Ulrich line bundles
In this section, we discuss the conditions for the existence of Ulrich line bundles on
double planes. We start by making a remark regarding the global generation of Ulrich
bundles. Recall that X is a double cover of P2 branched along a smooth curve B of degree
2s.
Remark 3.1. Suppose that L is an Ulrich line bundle on X with respect to π. Then
π∗L ≃ OP2 ⊕ OP2 and so h
0(X,L) = 2. Note that in general an Ulrich bundle is always
globally generated, cf. [5, Theorem 1]. When X is a double plane, there is a surjective
morphism of locally free sheaves ([12, Chapter 2, Lemma 29])
OX ⊕OX ≃ π
∗π∗L→ L→ 0
which also shows the global generation of L in our context.
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The following lemma gives a necessary condition for a double plane to admit Ulrich line
bundles.
Lemma 3.2. Let X be a smooth double plane that admits an Ulrich line bundle. Then
the Picard number ρ(X) > 1 and in particular PicX 6≃ Z.
Proof. Let L be an Ulrich line bundle on X . Since h0(X,L) = 2, L is a line bundle
corresponding to the class of a non-zero effective divisor. If PicX ≃ Z, then L has to be
ample. By Remark 3.1, L is globally generated and we have a surjection
OX ⊕OX → L→ 0 .
So L is generated by two sections which correspond to curves which do not intersect in
the surface X . Thus (L)2 = 0, implying that L is not ample. Hence ρ(X) > 1. 
We now state Theorem 1.1 from the Introduction and give a proof.
Theorem 1.1. Suppose that π : X → P2 is a smooth double plane branched over a smooth
curve B of degree 2s. Let σ denote the involution of X obtained by interchanging the two
sheets of the double cover. Then, the following are equivalent.
(1) The surface X admits an Ulrich line bundle with respect to π.
(2) There is a smooth curve D ⊂ X such that D 6= σ(D) and D · σ(D) = s2.
(3) There is a smooth curve C of degree s in P2 which is a tangent to B of even order
at every point of C ∩B.
Proof. As X is ramified over a smooth curve B of degree 2s, we have π∗OX = OP2 ⊕
OP2(−s). Let R ⊂ X denote the ramified curve.
Part 1 - (2) =⇒ (3). Consider a smooth curveD ⊂ X as in the part (2) of the statement
of the theorem. Let D∩σ(D) = d where d is an effective divisor on D of degree s2. Denote
C := π(D). Since D 6= σ(D), we have π−1(C) = D + σ(D). The restricted morphism
π|D+σ(D) : D + σ(D)→ C is of degree two and in particular, it is a two sheeted covering
map away from the support of d. Hence D ≃ C ≃ σ(D). Also, note that supp d ⊂ R,
hence D · R = σ(D) ·R = s2.
Since π is of degree two, π∗C · π∗B = 2(C · B) . But π∗C · π∗B = (D + σ(D)) · 2R.
Hence,
(1) (C · B) = (D + σ(D)) · R = 2s2 .
From Bezout’s theorem [14, Corollary I.7.8], degreeC = s since B is a degree 2s curve.
Also from equation (1), we get the following intersection multiplicity for any x ∈ supp d,
(C · B)π(x) = (D · R)x + (σ(D) · R)x = 2(D · R)x .
This shows that C is a tangent of an even order to the branch curve B at every point
where it intersects B. Thus (2) implies (3).
Part 2 - (2) =⇒ (1). From Part 1, we have C := π(D) is a smooth curve in P2 and
degreeC = s. Since (π∗C)2 = 2(C)2, we get
(D + σ(D))2 = 2s2, i.e.
D2 + σ(D)2 + 2D · σ(D) = 2s2 .
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By hypothesis, D · σ(D) = s2 and D2 = σ(D)2 since the curves D and σ(D) are isomor-
phic by a global automorphism of X . Thus D2 = σ(D)2 = 0. We have the following
commutative diagram.
D 
 e
//
∼
$$■
■
■
■
■
■
■
■
■
■
■
D + σ(D) 

j
//
π

X
π

C 

i
// P2
The canonical line bundle of the smooth curve C is given by the adjunction formula,
ωC = (KP2 ⊗OP2(C))|C = i
∗OP2(s− 3) .
Since π ◦ e : D → C is an isomorphism,
(2) ωD ≃ e
∗π∗i∗OP2(s− 3).
Again, by considering the adjunction formula for D ⊂ X , we get
ωD = (KX ⊗OX(D))|D.
From § 2.2 (4), the canonical line bundle of X is KX = π
∗OP2(s− 3). Hence, we get,
(3) ωD = e
∗j∗π∗OP2(s− 3)⊗OX(D)|D = e
∗π∗i∗OP2(s− 3)⊗OX(D)|D .
Thus, by comparing equations (2) and (3), we get
OX(D)|D = OD .
Consider the following short exact sequence in X :
(4) 0→ OX → OX(D)→ j∗e∗OD → 0 ,
and the associated long exact sequence of cohomology:
0→ H0(X,OX)→ H
0(X,OX(D))→ H
0(D,OD)→ H
1(X,OX)→ · · · .
Note that, since π is a finite morphism, H1(X,OX) ≃ H
1(P2,OP2⊕OP2(−s)) = 0 . Hence,
h0(X,OX(D)) = 2 = h
0(P2, π∗OX(D)) .
We next pushforward (4) to P2 by π to get:
0→ π∗OX → π∗OX(D)→ π∗j∗e∗OD → 0 .
Since π ◦ e : D → C is an isomorphism, π∗j∗e∗OD ≃ i∗OC . So c1(π∗j∗e∗OD) = [C] = [s].
Also, as π∗OX = OP2 ⊕ OP2(−s), we have c1(π∗OX) = [−s]. Hence, c1(π∗OX(D)) =
OX . The two dimensional space of global sections of π∗OX(D) gives the following exact
sequence with cokernel T :
0→ OP2 ⊕OP2 → π∗OX(D)→ T → 0 .
Now T is a torsion sheaf with c1(T ) = 0. Hence, suppT is a closed subset of P
2 with
codimension at least two in P2. That is, we have two locally free sheaves OP2 ⊕ OP2
and π∗OX(D) which are isomorphic on an open subset of P
2 whose complement has
codimension ≥ 2. Thus, by [15, Proposition 1.6 (iii)] π∗OX(D) ≃ OP2 ⊕OP2. This shows
that OX(D) is an Ulrich bundle for π. Hence (2) implies (1).
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Part 3 - (1) =⇒ (2). Assume (1), i.e. let L be an Ulrich line bundle on X . Then, by
Lemma 3.2, (L)2 = 0 and by Remark 3.1, L is globally generated. By Bertini’s theorem
[14, Corollary II.10.9], we can assume that L = OX(D) for a smooth curve D
j
−֒→ X .
Consider the short exact sequence
0→ OX → OX(D)→ j∗OX(D)|D → 0 ,
and push-forward to P2 by π to get
0→ OP2 ⊕OP2(−s)→ OP2 ⊕OP2 → π∗j∗OX(D)|D → 0 .
Considering the long exact sequence of cohomology associated to the above short exact
sequence, we get the following.
(a) h0(D,OX(D)|D) = 1. Combining with the fact that degOX(D)|D = (D)
2 =
(L)2 = 0, we get OX(D)|D = OD.
(b) Next H1(D,OX(D)|D) ≃ H
2(P2,OP2(−s)). By part (a) and Serre duality, we
get H1(D,OD) ≃ H
0(P2,OP2(s − 3))
∨. Thereby, the genus of D is g(D) =
h0(P2,OP2(s− 3)) =
(s−1)(s−2)
2
.
Now if σ(D) = D, then consider C = D/〈σ〉, the quotient of D by the action of σ. We
then have π∗OP2(C) = OX(D) and by projection formula,
π∗OX(D) = π∗π
∗OP2(C) = (OP2 ⊕OP2(−s))⊗OP2(C)
which is not trivial. This contradicts the fact that OX(D) is an Ulrich bundle.
Thus σ(D) 6= D. Setting C := π(D), we get π−1(C) = D + σ(D) and C ≃ D.
So C is a smooth plane curve of genus (s−1)(s−2)
2
, and thereby its degree is s. Hence
(D + σ(D))2 = 2(C)2 = 2s2. That is,
(D)2 + (σ(D))2 + 2D · σ(D) = 2s2 .
Note that (D)2 = (σ(D))2 = 0 since D and σ(D) are isomorphic curves in X . Thus
D · σ(D) = s2. This shows that (1) =⇒ (2). We show that (3) =⇒ (2) in the next
section. 
As a consequence of the theorem, the following remark shows that Ulrich line bundles
appear in pairs.
Remark 3.3. Let OX(D) be an Ulrich line bundle on X, where D ⊂ X is a smooth curve.
Then σ(D) ⊂ X is another smooth curve satisfying condition two of Theorem 1.1. Note
that OX(σ(D)) 6= OX(D). For, if OX(σ(D)) = OX(D), then OX(σ(D)) · OX(D) = 0.
But, we know that OX(σ(D)) · OX(D) = σ(D) · D = s
2. Hence, OX(σ(D)) is another
Ulrich line bundle on X.
The following remark discusses the morphism from X to the projective line induced by
an Ulrich line bundle and its fibres.
Remark 3.4. Consider an Ulrich line bundle L on a double plane X branched over a
smooth degree 2s curve B. Since L is globally generated and h0(X,L) = 2, L gives a
morphism
φ : X → P1 .
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Note that the fibres of φ are curves D ⊂ X such that OX(D) = L. Hence, there is
a one parameter family of curves in X represented by the linear equivalence class [D],
whose general element satisfies condition (2) of Theorem 1.1. Thereby, we also have a
one parameter family of curves in P2 satisfying condition (3) of the theorem, which is the
image of the one parameter family of curves [D] in X.
4. Even order Tangent curves to the branch curve
Our objective in this section is to prove that the condition (3) of Theorem 1.1 implies
condition (2). As earlier, suppose that π : X → P2 is a degree two morphism of smooth
surfaces. Let B ∈ |OP2(2s)|sm be the smooth even degree branch curve of π. Let C ⊂ P
2
be a curve satisfying the hypotheses of part (3) of the theorem. That is, C is a smooth
degree s curve in P2 which is a tangent to B of even order at every point of C ∩ B. Let
B ∩ C = 2d, where d is an effective divisor of degree s2 on B (therefore on C as well)
such that Supp d = {P1, P2, · · · , Pr}. Let us also use the same notation to denote the
preimages of these points in X . We now prove the local reducibility of π−1(C).
Lemma 4.1. The inverse image curve π−1(C) is locally reducible at each of the points
P1,P2, · · · , Pr in X.
Proof. Consider a local chart in P2 around Pi which maps Pi to the origin (0, 0) ∈ C
2.
Since both C and B in this affine patch pass through (0, 0), their local equations in the
complete local ring C[[x, y]] contain no constant terms. By a local change of coordinates,
set the local equation of C as x′ = 0. Let l ∈ N be such that (B · C)Pi = 2l, i.e. B and
C are tangent of order 2l to each other at Pi. Then in the coordinates x
′, y, the local
equation of B in C[[x′, y]] can be written as
x′(a+ f) + y2l(b+ g) = 0 ,
where a, b ∈ C∗ and f, g ∈ (x′, y). Thus the local equation of B is
u1x
′ + u2y
2l = 0 ,
where we note that u1 = (a + f), u2 = (b + g) are units in C[[x
′, y]]. Since u2
u1
and (u2
u1
)
1
2l
are units in C[[x′, y]], we change the local coordinates to make the local equation of B
x′ + (y′)2l = 0 .
Finally set x1 = x
′ + (y′)2l. Then, in the local coordinates x1, y
′, the local equation of B
is (x1 = 0) and the local equation of C is (x1 − (y
′)2l = 0).
Let u, v be the local coordinates around the point Pi in X . Note that, locally around
Pi, the double cover morphism π : X → P
2 is given by the following map of complete
local rings :
C[[x1, y
′]]→ C[[u, v]] x1 7→ u
2, y′ 7→ v .
Then the local equation (x1− (y
′)2l = 0) of the curve C in P2 pulls back to the local curve
(u2 − v2l = 0) = ((u− vl)(u+ vl) = 0) in X , which is reducible. This shows that π−1(C)
is locally reducible at Pi. 
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Remark 4.2. Suppose that D1 and D2 are curves in X whose local equations in the
completion C[[u, v]] of the stalk OX,Pi at Pi are (u − v
l = 0) and (u + vl = 0). Then the
local intersection multiplicity of D1 and D2 at Pi is
(D1 ·D2)Pi = dimC
C[[u, v]]
(u− vl, u+ vl)
= dimC
C[[v]]
(vl)
= l .
Lemma 4.1 shows that, at each of the points Pi, the inverse image curve π
−1(C) in
fact locally splits up into two components. We next wish to show that π−1(C) is globally
reducible in X . In order to do that, we first prove the following general lemma.
Lemma 4.3. Let C1 and C2 be two smooth curves in P
2. Then the image of the morphism
of fundamental groups:
π1(C1 \ C1 ∩ C2)→ π1(P
2 \ C2)
is generated only by the images of the loops in C1 \ C1 ∩ C2 around the punctures.
Proof. Let C1 ∈ |OP2(d)|sm and C2 ∈ |OP2(l)|sm. The set
D = {[C] ∈ |OP2(d)| : C does not intersect C2 transversally}
is a divisor in the projective space |OP2(d)|. Then the complement D
c of D is an open
subset of |OP2(d)| consisting of curves which intersect C2 transversally.
Let C denote the incidence variety
C := {(x, C) : C ∈ |OP2(d)|sm and x ∈ C} ⊂ P
2 × |OP2(d)|sm ,
and p : C → |OP2(d)|sm the projection. The fibre in C over a point [C] ∈ |OP2(d)|sm
is p−1([C]) ≃ C. By the Ehresmann’s fibration theorem [4, Theorem 13.1.3], p : C →
|OP2(d)|sm is a locally trivial topological fibration. Consequently, by denoting the open
set p−1(Dc ∩ |OP2(d)|sm) ⊂ C by C
∗, we have a relative locally trivial fibration:
CC2


//
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
C∗
p

Dc ∩ |OP2(d)|sm
where CC2 := {(x, C ∩ C2) |C ∈ D
c ∩ |OP2(d)|sm, x ∈ C ∩ C2} is the relative family of
divisors.
Consider a connected and smooth (it is enough to assume smoothness in C∞ sense)
curve T in |OP2(d)| and a fixed closed point 0 ∈ T with the following property. There
is a family of smooth curves {Vt} of degree d for t ∈ T \ {0} which degenerates to a
curve V0 ∈ D
c where V0 is a degree d curve in P
2 which is a union of d distinct lines
L1, L2, · · · , Ld which are concurrent at a point O /∈ C2. The condition that V0 ∈ D
c
implies that each Li intersects C2 transversally at all points of Li ∩ C2. Since V0 ∈ D
c,
there is a non-empty open subset of T \ {0} such that the corresponding curves Vt ∈ D
c.
By an infinitesimal deformation, the curve C1 can be deformed to a curve C
′
1 ∈ D
c ∩
|OP2(d)|sm. In order to prove the claim of the lemma, it is enough to prove that the image
of the morphism,
π1(C
′
1 \ C
′
1 ∩ C2)→ π1(P
2 \ C2)
is generated only by the images of the loops in C ′1 \ C
′
1 ∩ C2 around the punctures.
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Choose a t0 ∈ T close to 0 such that Vt0 ∈ D
c ∩ |OP2(d)|sm. Since C
′
1, Vt0 ∈ D
c ∩
|OP2(d)|sm, there is a path in D
c ∩ |OP2(d)|sm joining C
′
1 and Vt0 . Note that, as CC2 →֒ C
∗
is a relative locally trivial fibration over Dc∩|OP2(d)|sm, C
′
1 \ (C
′
1∩C2) and Vt0 \ (Vt0 ∩C2)
are homotopy equivalent. Thus, it is enough to prove that the image of
π1(Vt0 \ (Vt0 ∩ C2))→ π1(P
2 \ C2)
is generated only by the images of the loops in Vt0 \ (Vt0 ∩ C2) around the punctures.
We do this by considering the Milnor fibration [19] around 0 ∈ T . In particular, choose
an ǫ > |t0| > 0 such that the open ball Bǫ and it’s closure Bǫ in P
2 satisfy Bǫ ⊂ Bǫ ⊂ P
2\B.
If Bcǫ denotes the complement of the ball Bǫ in P
2, then the set (Vt0 \ Vt0 ∩ C2) ∩ B
c
ǫ is
diffeomorphic to
⋃d
i=1(Li \ (Li ∩ C2)) ∩ B
c
ǫ . Now consider the covering by closed sets
Vt0 \ (Vt0 ∩ C2) ≃ (Vt0 \ Vt0 ∩ C2) ∩ Bǫ ∪
d⋃
i=1
(Li \ (Li ∩ C2)) ∩ B
c
ǫ .
Denote A := (Vt0 \ Vt0 ∩ C2) ∩ Bǫ and Ai := (Li \ (Li ∩ C2)) ∩ B
c
ǫ for i = 1, 2, · · · , d.
Each A ∩ Ai is path connected, since it is the boundary of a disc. Hence, we apply Van
Kampen theorem [16, § 1.2] (using closed sets) to obtain the fundamental group A ∪ A1
at a basepoint on A ∩A1:
π1(A ∪A1) ≃ π1(A) ∗π1(A∩A1) π1(A1) .
Since A ∪ A1 is path-connected, the fundamental group is independent of the choice of
basepoint. Next, (A ∪ A1) ∩ A2 = A ∩ A2 which is again path connected. By the Van
Kampen theorem, the fundamental group of A ∪A1 ∪A2 based at a point of A ∩A2 is
π1(A∪A1 ∪A2) ≃ π1(A∪A1) ∗π1(A∩A2) π1(A2) ≃ π1(A) ∗π1(A∩A1) π1(A1) ∗π1(A∩A2) π1(A2) .
Inductively, we get
π1(Vt0 \ (Vt0 ∩ C2))
∼= π1(A) ∗π1(A∩A1) π1(A1) ∗π1(A∩A2) π1(A2) · · · ∗π1(A∩Ad) π1(Ad) .
Note that by the universal property of free products, and by the definition of amalgama-
tion products, we get the following commutative diagram.
π1(A) ∗ π1(A1) ∗ · · ·π1(Ad) //


π1(P
2 \ C2)
π1(Vt0 \ (Vt0 ∩ C2))
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
Thus it is enough to show that the image of the morphism
π1(A) ∗ π1(A1) ∗ · · ·π1(Ad)→ π1(P
2 \ C2)
is generated by the images of loops in Vt0 \ (Vt0 ∩ C2) around the punctures. Note that,
A = (Vt0 \ Vt0 ∩ C2) ∩ Bǫ ⊂ Bǫ is contractible in P
2 \ B. Further, each Ai = (Li \ (Li ∩
C2))∩B
c
ǫ is homotopically equivalent to a closed disc with l punctures whose fundamental
group is generated by loops γ1, γ2, · · · , γl around the l punctures and the boundary loop
γ1 ∗ γ2 ∗ · · · γl. Each of the loops γi maps to a loop δi around C2 in P
2 \ C2, and each
such δi is homotopic to the generator of π1(P
2 \ C2) ≃ Z/lZ. Thus the image of the
boundary loop γ1 ∗ γ2 ∗ · · · ∗ γl in π1(P
2 \C2) is l× (generator) which is the trivial element
of π1(P
2 \ C2) ≃ Z/lZ.
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Thereby we get that the image of
π1(Vt0 \ (Vt0 ∩ C2))→ π1(P
2 \ C2)
is generated only by the images of the loops in Vt0 \ (Vt0 ∩C2) around the punctures. 
Using notations as earlier, we prove the following theorem.
Theorem 4.4. Let C ⊂ P2 be a smooth degree s curve which is an even order tangent to
the branch curve B at every point of C ∩B . Then π−1(C) is a reducible curve D1 +D2.
Further, each component Di is isomorphic to C, D2 = σ(D1) and D1 ·D2 = s
2.
Proof. Recall that R ⊂ X denotes the ramified curve of the double cover π : X → P2.
Then π : X \R→ P2 \B is a genuine two sheeted covering map. Hence we have the
following morphisms between the fundamental groups.
π1(C \ C ∩ B)
Φ

1 // π1(X \R) // π1(P
2 \B) // Z/2Z // 0
Suppose the above map of fundamental groups Φ : π1(C \ C ∩ B) → π1(P
2 \ B) lifts to
π1(X \R), then the inclusion C \ C ∩B →֒ P
2 \B lifts to X \R. This gives a section of
π|π−1(C\C∩B) : π
−1(C\C∩B)→ C\C∩B which shows that π−1(C\C∩B) is disconnected
and thereby π−1(C) is reducible. So it is enough to prove that the morphism Φ lifts to
π1(X \R), which is the same as showing that the image in Z/2Z of Φ(π1(C \ C ∩ B)) is
the trivial element.
By Lemma 4.3, Φ(π1(C \ C ∩ B)) is generated only by loops in C \ C ∩ B around the
punctures (i.e. points of C ∩B). Let x ∈ C ∩B and let γx be a loop in C \C ∩B around
x. Then under Φ,
γx 7→ (C ·B)xδx
where δx is a small loop around B at x. But such a δx can be considered a generator of
π1(P
2 \B) and (C ·B)x is even by hypothesis. Hence γx maps to an even multiple of the
generator of π1(P
2 \ B), whose further image in Z/2Z is trivial. This shows that π−1(C)
is reducible and has the form D1 +D2.
Now π|D1+D2 : D1 +D2 → C is a degree two finite map. Since C ∩ B = 2d where d is
a divisor on B of degree s2, the map π|D1+D2 is ramified exactly along the inverse image
of d. Away from the ramification points π|D1+D2 is a covering map. Hence each Di is
isomorphic to C. Thus, D2 = σ(D1) and π
−1(C) = D1 + σ(D1). From Remark 4.2, we
see that D1 ·D2 = Σ(D1 ·D2)Pi = s
2 where the summation is taken over points Pi in the
inverse image of the divisor d. 
Proof of Theorem 1.1 ((3) =⇒ (2)). Theorem 4.4 proves that the condition (3) of Theo-
rem 1.1 implies condition (2). 
5. Ulrich line bundles on double planes
In this section, we study the existence of Ulrich line bundles over smooth double planes.
We describe classes of double planes X branched along a smooth degree 2s curve B and
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Ulrich line bundles over them, for every s. For a fixed B ∈ |OP2(2s)|sm, denote
(5) TB = {C ∈ |OP2(s)|sm |B ∩ C = 2d, d is an effective divisor of degree s
2 on B} .
Then TB consists of smooth degree s curves C which are even order tangents to B at
every point in C ∩B. By Theorem 1.1, the non-emptiness of TB implies the existence of
Ulrich line bundles on X . Note that, by Remark 3.4, if TB is non-empty, then it contains
at least a one parameter family of curves.
Remark 5.1. While defining the set TB in (5), we could assume more generally that the
divisor d ⊂ B is reduced. Indeed, consider an Ulrich line bundle OX(D) on X coming from
a C ∈ TB. This line bundle gives a morphism φ : X → P
1, whose fibres are precisely the
one parameter family of divisors in X which are elements of |D|. Consider the restriction
of φ to the ramified curve R i.e. φ|R : R → P
1, which is finite of degree s2. By Sard’s
Lemma, the general fibre which is of the form D ∩ R of φ|R is smooth. Hence, a general
D ∩ R is a reduced divisor on R consisting of s2 points. Since C ∩ B = π(D ∩ R), for a
general C, the set C ∩ B consists of precisely s2 points, and the corresponding divisor d
(whose support is C ∩ B) is reduced.
5.1. The branch curve is a conic (s = 1). It is known that a double plane X branched
over a smooth conic is isomorphic to P1 × P1. So, PicX = Z⊕ Z. Consider generators l
and m of type (0, 1) and (1, 0).
Corollary 1.2. Let X be a smooth surface which is a double cover of P2 branched along
a smooth conic curve B. Then X admits a pair of Ulrich line bundles.
Proof. Suppose π : X → P2 is a smooth double cover branched along a conic B ⊂ P2. In
this case
TB = {C ∈ |OP2(1)|sm |B ∩ C = 2d where d is an effective divisor of degree 1 on B} .
That is, TB consists of lines C ⊂ P
2 which are simple tangents to the conic B at any
point P ∈ B. This set TB is clearly non-empty. Hence, by Theorem 1.1, the double plane
X admits Ulrich line bundles.
For P ∈ B, let CP denote a line in P
2 tangent to B at P . Then the inverse image of
CP ∈ TB, is π
−1(CP ) = DP+D
′
P , where DP andD
′
P are isomorphic to CP andDP ·D
′
P = 1
by Theorem 4.4. This also gives D2P = D
′2
P = 0. Hence DP , D
′
P correspond to divisors in
the linear systems |l| and |m| (i.e. corresponding to the rulings (0, 1) and (1, 0)). This
shows that X admits precisely two Ulrich bundles given by OX(l) and OX(m). 
5.2. The branch curve is a quartic (s = 2). A smooth projective surface X branched
along a smooth quartic curve B is a Del Pezzo surface obtained by blowing up P2 at 7
points in general position. Thus PicX ≃ Z⊕ 8.
Hadan, in [13, § 2.1, § 2.2], analyses the tangent conics to a given smooth quartic B.
He defines a tangent conic to B to be a smooth conic which intersects B at 4 points each
being a point of simple tangency. From the short exact sequence,
0→ OP2(−2)→ OP2(2)→ OB(2)→ 0 ,
we obtain that H0(P2,OP2(2)) ≃ H
0(B,OB(2)). Hence any conic is determined by its
restriction to B. Using this basic fact, Hadan studies conics corresponding to divisors of
the form 2d, where OB(2d) = OB(2) and d is an effective divisor on B of degree 4. It is
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shown that to any smooth plane quartic, the variety of tangent conics is a union of 63
disjoint one parameter families, cf. [13, Proposition 2.1].
Corollary 1.3. Let X be a smooth surface which is a double cover of P2 branched along
a smooth quartic curve B. Then X admits 63 pairs of Ulrich line bundles.
Proof. In this case, TB is given by
(6) {C ∈ |OP2(2)|sm | B ∩ C = 2d where d is an effective divisor of degree 4 on B} .
By the discussion above, TB is non-empty and in fact consists of 63 disjoint one parameter
families. By Theorem 4.4, for each C ∈ TB, the inverse image can be written as π
−1(C) =
D + σ(D), where D and σ(D) are isomorphic to C and D · σ(D) = 4. In fact, each one
parameter family of tangent conics in TB gives rise to two classes [D] and [σ(D)] of curves
in X , and hence two Ulrich line bundles OX(D) and OX(σ(D)) on X . Hence, X admits
63 pairs of Ulrich line bundles. 
Remark 5.2. When s = 1 and s = 2, we can prove that the inverse image π−1(C) for a
C ∈ TB is reducible without appealing to Theorem 4.4. When s = 1, 2, from the genus-
degree formula, a smooth C ≃ P1. For any C, consider the inverse image curve π−1(C)
in X. The normalization π˜−1(C) of π−1(C) is an etale double cover of C. But there are
no irreducible etale double covers of P1. The only etale double cover of P1 is of the form
P1 ⊔ P1. Thereby, π˜−1(C) and hence π−1(C) are both reducible. This proves that π−1(C)
is of the form D1+D2 where Di’s are smooth curves isomorphic to C. However, the same
argument will not be valid when s > 2, since we will be dealing with curves of higher genus
and their etale covers.
5.3. The branch curve is of degree 2s when s > 2. When s = 3, then we can check
that KX ≃ OX and H
1(X,OX) = 0, whereby X is a K3 surface. For s > 3, it is known
thatX is a surface of general type. The proof of Theorem 1.4 is an immediate consequence
of Lemma 3.2.
Theorem 1.4. Let X be a smooth surface which is a double cover of P2 branched along a
generic smooth curve B ⊂ P2 of degree 2s for s ≥ 3. Then X does not admit Ulrich line
bundles.
Proof. When X is a generic double plane branched over a smooth curve B of degree 2s,
with s > 2, then PicX ≃ Z, cf. [12, Chapter II], [7]. Thus by Lemma 3.2, a generic double
plane branched over a degree 2s curve for s > 2 does not admit Ulrich line bundles. 
In particular, the above theorem implies that for a generic B ∈ |OP2(2s)|sm with s > 2,
we have TB = ∅. Thus starting from a general smooth degree 2s curve (s > 2), one cannot
find smooth degree s curves everywhere tangent to it to an even order. However, we now
show that starting with a smooth degree s curve C, we can find smooth degree 2s curves
B which are even order tangential to C at all points of C ∩ B. Thus, the double planes
branched over such B-s admit Ulrich line bundles.
Proposition 5.3. Let C be a smooth curve of degree s in P2. Then there exist smooth
degree 2s curves B such that B · C = 2d where d is an effective divisor of degree s2 on
C. That is, there exist smooth curves B of degree 2s such that B is tangential to C to an
even order at every point of B ∩ C.
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Proof. Suppose that C is the zero set of the degree s homogeneous polynomial F (x, y, z)
where x, y, z are the homogeneous coordinates in P2. Let us denote the inclusion C →֒ P2
by i. Now consider the following short exact sequence:
0→ OP2(−s)
⊗F
−−→ OP2 → i∗OC → 0 .
Tensoring by OP2(2s), we get
0→ OP2(s)
⊗F
−−→ OP2(2s)→ i∗OC(2s)→ 0 .
The long exact sequence of cohomology associated to the above short exact sequence gives
0→ H0(P2,OP2(s))
⊗F
−−→ H0(P2,OP2(2s))→ H
0(C,OC(2s))→ 0 .
Therefore,
H0(C,OC(2s)) ≃
H0(P2,OP2(2s))
F.H0(P2,OP2(s))
.
If L0 ∈ PicC is an element of order two, then the line bundle OC(s)⊗L0 on C is of degree
s2, and the Riemann-Roch formula gives that
h0(C,OC(s)⊗ L0) =
s2 + 3s
2
.
For d ∈ |OC(s) ⊗ L0|, consider the corresponding divisor 2d ∈ |OC(2s)|. This corre-
sponds to an element G ∈
H0(P2,O
P2
(2s))
F.H0(P2,O
P2
(s))
upto a non-zero scalar. Thus any element in the
vector subspace
V = {λG+ FH : λ ∈ C, H ∈ H0(P2,OP2(s))}
of H0(P2,OP2(2s)) with λ 6= 0 maps to an element in H
0(C,OC(2s)) corresponding to 2d.
This means that any such degree 2s curve B in the linear system PV meets C tangen-
tially along the divisor d and at each point in Supp d, B is an even order tangent to C.
In order to prove our claim, we need to show the existence of smooth curves B.
By Bertini’s theorem, a general element of PV is smooth away from the base points of
this linear system. The base points of PV are precisely the points in the support of d. Let
P1, P2, · · · , Pr be these points. As P1 is a smooth point of C, the partial derivatives of
F cannot all vanish at P1. Without loss of generality, assume that Fx(P1) 6= 0. Consider
the set of all H ∈ H0(P2,OP2(s)) with (G+ FH)x 6= 0, i.e.
U1 = {H ∈ H
0(P2,OP2(s)) : H(P1) 6= 0, H(P1) 6=
−Gx(P1)
Fx(P1)
} .
Note that U1 is an open dense subset of H
0(P2,OP2(s)). Similarly consider open subsets
Ui corresponding to the points Pi for i = 2, 3, · · · , r. For a general H ∈ ∩
r
i=1Ui, the curve
corresponding to G + FH is a smooth curve of degree 2s which meets C (even order)
tangentially at every point of B ∩ C. 
As remarked earlier, the above proposition gives rise to special double planes branched
over degree 2s curves (s > 2) that carry Ulrich line bundles. Using this we prove Theorem
1.5.
Theorem 1.5. Let C ⊂ P2 be a smooth degree s curve. Consider an effective divisor d
of degree s2 on C corresponding to a section of H0(C,OC(s)⊗ L0), where L0 ∈ PicC is
of order two.
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(a) Then, there exist smooth curves B of degree 2s such that B · C = 2d.
(b) Further, let X be a double cover of P2 branched along a smooth curve B as in part
(a) of this theorem. Then, X admits Ulrich line bundles.
Proof. Proposition 5.3 proves Part (a) of the Theorem. Suppose C is a smooth degree s
curve and B is a smooth degree 2s curve that is even order tangent to C everywhere. LetX
be a double plane branched along B. Then, C ∈ TB. By Theorem 4.4, π
−1(C) = D1+D2,
where D2 = σ(D1) and D1 · D2 = s
2. Thus by Theorem 1.1, OX(D1) and OX(D2) are
Ulrich line bundles on X . 
We now give a proof of Theorem 1.6, which explicitly gives examples of double planes
π : X → P2 branched over a degree 2s curve, for each even s > 1, which admit Ulrich
line bundles.
Theorem 1.6. Let B ⊂ P2 be a Fermat curve of degree 2s where s is an even integer.
Then the double plane X branched along B admits Ulrich line bundles.
Proof. Let B ⊂ P2 be a Fermat curve of degree 2s. Then there exists a choice of coordi-
nates x, y, z on P2 in which B has the form
(x2s − y2s − z2s = 0) .
Consider the double plane π : X → P2 branched over this smooth curve B.
Let C be the degree s Fermat curve (xs−ys−zs = 0). Denote the s-th roots of unity by
1, ξ, ξ2, · · · , ξs−1. Then, for a 6= 0, at the 2s-points (a : a : 0), (a : ξa : 0), · · · , (a : ξs−1a :
0) and (a : 0 : a), (a : 0 : ξa), · · · , (a : 0 : ξs−1a) respectively, the lines (x−y = 0), (ξx−y =
0), · · · , (ξs−1x− y = 0) and the lines (x− z = 0), (ξx− z = 0), · · · , (ξs−1x− z = 0) are :
• tangents of order 2s to the curve B, and
• tangents of order s to the curve C.
Hence, at each of above 2s points B and C are tangential of order s to each other. This
accounts for all the intersections between B and C since B · C = 2s2. Thereby the curve
C meets B at 2s points, each of which is a point of tangency of even order s (since s is
even by hypothesis). Thus by Theorem 4.4 π−1(C) = D1 + D2 and each OX(Di) is an
Ulrich bundle on X . 
6. Ulrich line bundles on higher dimensional cyclic covers of Projective
space
In this section, we make a few remarks about the existence of Ulrich line bundles on
higher dimensional cyclic covers.
Theorem 1.7. Consider a smooth d-fold cyclic cover π : X → Pn branched over a smooth
hypersurface B ⊂ Pn where n ≥ 3. If d ≤ n, then X does not admit Ulrich line bundles
with respect to π.
Proof. Let π : X → Pn be a smooth d-fold cyclic cover branched over a smooth hypersur-
face where n ≥ 3 and d ≤ n. If L is an Ulrich line bundle on X , then h0(X,L) = d and
L is globally generated. That is, there is a surjective morphism
O⊕ dX → L→ 0 ,
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which shows that there are d divisors of X in |L| which do not intersect, i.e. Ld = 0.
• Double cover of P3 - If X is a double cover of P3 admitting an Ulrich line bundle,
then L2 = 0, that is, there are two hypersurfaces D1 andD2 inX with D1∩D2 = ∅.
But this is not possible. Indeed, let π(Di) denote the hypersurfaces in P
3 which
are the images of Di for i = 1, 2. Note that
π(D1) ∩ π(D2) ∩ B 6= ∅ ,
since the images of n hypersurfaces in Pn is not empty. This shows thatD1∩D2 6= ∅
and in fact they have non-empty intersection along the ramification divisor. Thus,
X cannot admit Ulrich line bundles.
• 3-fold cover of P3 branched along a cubic - When X is a threefold cover of P3
branched along a cubic, then X is a cubic hypersurface in P4. Hence the Pi-
card group of X is Z, by the Noether-Lefschetz theorem [17, Example 3.1.25].
Hence any non-zero effective divisor is ample. Thus X cannot admit a globally
generated line bundle L with L3 = 0. So, X does not admit Ulrich line bundles.
• Other cases- The remaining cases are:
- X is a threefold covering of P3 branched along a smooth hypersurface of degree
3s with s ≥ 2;
- X → Pn be a d-fold cover of Pn with n ≥ 4 and d ≤ n.
By discussion in the previous case, if L is a line bundle on X with Ld = 0 and
h0(X,L) > 0, then PicX 6= Z. By applications of Noether-Lefschetz theorem to
the pairs (X,R) and (Pn, B) and the isomorphism of R and B, [18] prove that
PicX = Z in both these cases. Thus, X cannot admit Ulrich line bundles.

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